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1. INTRODUCTION 
In this paper we discuss a 2-group T which satisfies the following. 
HYPOTHESIS 1.1. (a) T contains an element x of order 8, which generates 
its own centralizer in T. (This is expressed in some of the literature by saying 
that x is se2f-centralz%ng.) 
(b) The set SCNs(T) of maximal abelian normal subgroups of T on 3 
or more generators is not empty, i.e., T contains an elementary abelian normal 
subgroup B of order 8. 
We list all possible isomorphism classes for T and show that exactly three 
possibilities are represented by &-subgroups of finite simple groups. Part of 
the work on this problem was done by Brauer and Fong [2,4]. (See 3.4, 3.5, 
3.6.) 
In a problem of a similar nature, it is known that if a 2-group T contains 
an element of order 4, which generates its own centralizer in T, then T is 
either dihedral of order 8, generalized quaternion, or semidihedral. Goren- 
stein-Walter [7] have shown that any finite simple group, whose &-subgroups 
are dihedral of order 8, is isomorphic to A, or one of the groups&(p) for Q 
odd and 4 3 5. Brauer-Suzuki [6, p. 3731, have shown that no generalized 
quaternion group is a Ss-subgroup of a simple group. Alperin-Brauer- 
Gorenstein [l] have shown that any finite simple group whose &-subgroups 
are semidihedral is isomorphic to one of the groups L,(q) for Q = -l(4), 
Q(q) for Q = l(4), Ml1 . 
Also Feit-Thompson [3] have shown that any finite simple group G which 
* Most of the results of this paper are included in the author’s Ph.D. thesis (The 
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contains an element of order 3, that generates its own centralizer in G, is 
isomorphic to A, or L,(7). 
In this paper we do not discuss 2-groups T for which SCNs( T) = %. 
MacWilliams and Gorenstein-Harada are currently conducting research 
which will classify all simple groups with such Sylow 2-subgroups. 
In the last section of this paper we prove a slight extension of Glauberman’s 
Z*-theorem [5] and give an application. 
2. STATEMENT OF OUR RESULTS 
THEOREM 2.1. Suppose T is a 2-group which satisfies 1.1. Then T is 
contained in a group of order 27, which also satis$es 1.1. If A E SCN,( T), then 
A has type (2,2,2), (2, 2,2, 2) or (4, 2,2). 
THEOREM 2.2. There are 11 distinct isomorphism classes of 2-groups T 
which satisfy 1.1. We list them in four cases: 
Case I. T = (B, x>, where B = (6, w, z>, x4 = z, b” = bw, wx = wz. 
Case II. T = (B, x, y>, where (B, x> is thegroup of Case I, y centralizes 
b and z, WY = wx, xv = x-?xn , where 
(a) 71 = 0 07 
(b) n=l. 
Case III. T = (A, x), where A = (a, B), A is abelian, (B, x) is the 
group of Case I, a” = ab, and either 
(4 a2 = 1 or 
(b) * a2 = z 
Case IV. T = (A, x, y), where (A, x) is one of the groups of Case III, 
(B, x, y) is one of the groups of Case II, and au = abzm, for m = 0 or 1. There 
are exactly six di&ferent isomorphism classes, which correspond to the following 
subcases: 
(a) m = 1, n = 0, a2 = 1, 
(b) m = rr = 1, a2 = 1, 
(c) m=n=1,a2=n, 
(d) m = 0, n = 1, a2 = 1, 
(e) m=n=0,a2=1, 
(f) m = n = 0, a2 = 2. 
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In this paper we give tables of the conjugacy classes of T for Cases III 
and IV. 
THEOREM 2.3. Suppose T is a &-subgroup of a finite simple group and T 
satisfies 1.1. Then T is isomorphic to a S,-subgroup of one of the Mathieu groups 
Ml2 , M,, or the alternating group A,, . These three cases correspond respectively 
to Cases II(a), IV(b), and IV(e). 
THEOREM 2.4. Suppose T is a &-subgroup of a Jinite group G, T satisfies 
1.1, and T is not isomorphic to a l&subgroup of Ml, , M,, , or A,, . Then G 
has a (normal) subgroup of index 2. 
3. NOTATION AND KNOWN RESULTS 
Most of the notation and definitions used in this paper are consistent 
with Gorenstein [6]. We make additional definitions here and further along 
as they are required. G always denotes a finite group, and all groups mentioned 
are finite. In the following definitions X, Y denote subsets of G and H, K 
denote subgroups. 
If g, h E G, then g N h and g wX h mean that g is conjugate to h by an 
element of G and of X, respectively. 
If h E H, then ccl,(h) denotes the H-conjugacy class of h. 
X-Y denotes the set of elements that are in X but not in Y. (We do not 
require Y C X.) 
If H d K, then f (H mod K) denotes the inverse image in H off (H/K), 
where f is a function from groups to subgroups. 
Z, denotes a cyclic group of order n. 
D, denotes a dihedral group of order 8. 
3.1 (Schiefelbusch [9, Corollary 71). Suppose G is any finite group, T is 
a &.-subgroup of G, D(T) C Q < T, V is the transfer homomorphism from 
G into T/Q, and x E T - Q. 
For each nonnegative integer i, let Ti be a &-subgroup of C(&) which 
contains x. Let y$ be the subset of T - Q of all elements t which satisfy the 
following: 
(9 t N x2‘, 
(ii) CT(t) is isomorphic to a subgroup U of Ti , such that ] Ti: U / = 2’ 
and Ti = U(x). 
Then the following hold: 
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(a) If < is empty for all i, then V(x) = Q. 
(b) Each nonempty Yi is the union of the sets cc&(t) for t E & . If 
some Yi is not empty and if t, , t, ,..., t, are representatives, one from each 
set ccl,(t) in &, ~5 , then 
V(x) = Q fj ti . 
i=l 
(c) Suppose C,(x) is a &-subgroup in C(x). Then t E Y0 iff t E T - Q, 
t N x and C=(t) is isomorphic to C,(x). In particular, x E To . 
DEFINITION 3.2. For any t E T define 
d(t) = {th 1 h E N((t))T). 
3.3 (Schiefelbusch [9, Corollary 7A]). Theorem 3.1 remains correct if 
we replace C(xs”) by N((x~‘)), CT(t) by N=((t)), ccl,(t) by d(t), C,(x) by 
N*((x)), and C(x) by N((x)) wherever possible. 
3.4 (Fong [4, p. 651). Let G be a finite group without subgroups of 
index 2. Suppose a &-subgroup T of G has order 32 and T contains a self- 
centralizing element of order 8. Then T is isomorphic to a Sa-subgroup of 
U(3, 3), i.e., T is isomorphic to 2, wreath 2, . 
3.5 (Brauer-Fong [2, Proposition (lA), p. 201). Let T be a 2-group of 
order 64. Suppose T contains a self-centralizing element F of order 8 and F 
is conjugate to each of its odd powers. Set J = F4. Then T = (E, N, X, F), 
where X2 = 1, Fx = FJ; N2 = Jp, XN = X, FN = F-l; E2 = XF2p, NE = 
NXF-27, XE = XJ, FE = XF. Here, p, u, 7 are 0 or 1. 
3.6 (Brauer-Fong [2, Theorem (21), p. 28, Theorem (6A), p. 461). Let G 
be a finite group without subgroups of index 2. Suppose a S,-subgroup T of 
G has order 64, T contains a self-centralizing element F of order 8, and F is 
conjugate to each of its odd powers in T. Then T is isomorphic to T(p, u, T) 
of 3.5, with p = 0, (T = 7 = 1. In particular T is isomorphic to a S,-subgroup 
of Ml2 . 
3.7 (Janko [8, pp. 2, 31). Let A be an abelian group of type (2, 2, 2,2). 
Let D be a dihedral group of order 8 generated by noncommuting involutions 
i, j. If D acts on A, and i and j induce the matrices 
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respectively, with respect to some basis of A, then the splitting extension of 
A by D is isomorphic to a &-subgroup of Maa . 
COROLLARY 3.8. Theorem 3.1 still holds if we replace the two matrices in 
3.1 by 
respectively. 
Proof. Let 2, , Z, , Zs , Z, be the basis mentioned in 3.7. Then with 
respect to the new basis {Z, + Zs + Z, , Z, + Z, , Zs , Z,}, i and j have the 
desired new matrix representations. 
4. THEOREMS 2.1-2.4 
Suppose the following hold: 
4.1. (a) A is an abelian 2-group of type(2,2 ,..., 2)or type(4,2 ,..., 2) and 
1 A 1 = 2’5, n > 2. 
(b) F is a 2-subgroup of Aut A. 
(c) A = A, > A, > *.. > A, > A,+1 = 1 is an F-invariant series. 
(d) A, is elementary abelian. 
By (c)l Ai: Ai+l 1 = 2 for 1 < i < n. For 1 < i < n pick ai E Ai - A,+1 . 
Then each element of A is expressed uniquely as a linear combination of the 
ai over the field of two elements (where we assume that addition is the binary 
operation on A). If y EF, then by (c) 
(4 r(aJ = ai + CWG Bijaj , f or all i, where pii = 0 or 1 whenever 
i<j. 
LEMMA 4.1.A. Suppose f E F and C,(f) = A, . Then it is possible to 
choose ai E Ai - A,+1 for 1 < i < n, such that f (a,) = ai + ai+l for 1 < i < ta. 
Proof. Clearly f (a,) = an = a, + a,,, . Suppose 1 < j < n and f (a,) = 
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ai + a,+1 for i > j. For certain ei in the field of two elements, we have 
f(aj) = aj + Cjci+ eiai . We set a = aj - Cj.+<,, ei+lai . Then 
f(a) = f(4 - 2 ei+h + ai+d 
Kim 
= f(aj) - 1 ei+lai - 2 eiai 
Kia2 j+1<i <n 
= a + ej+laj+l .
Since f?j+l = 0 or 1 and a $ A, = C,(f), we have ej+r = 1 and f(a) = 
a + U~+~ . We redefine aj = a, if necessary, so that f(aj) = aj + aj+l; and 
now Lemma 4.1.A follows by induction. 
Ifwedefine&=Oand&=lforl<j<i<~,theny+yM=~iJ 
is a map from F into the group of all n x 71 matrices, over the field of two 
elements, which have the form 
4.1.B. The map 
is a group homomorphism. 
Proof. Let y EF be as in the previous discussion. Also let g EF and 
suppose g -+ gM = [y&J. Let [S,] = gM y,,, . For any i we have 
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Suppose k > 2. Then, since ak E A, and A, is elementary abelian by 
4.1(d), we have 
Suppose k = 1. a, has order 4, so la, + la, # (1 + 1) a, = Oa, = 0. 
Nevertheless, if k = 1, then i = 1 and 
Thus 
C Bi~~jkak = Bllwl = ~11~1 . 
i<j<k 
g&i) = c ‘%kak 
i(k<n 
for all i, and so 
kY>A4 = hi] = gM YM - 
DEFINITION 4.2. Let T be a 2-group which satisfies 1.1. Let z = x4 and 
Z = (a>. Let W be a four-group, such that W < B and W 4 X. 
LEMMA 4.3. Z < W, and there exists b E B - W and w E W - Z, such 
that b” = bw and wx = wz. Also [B, x2] = Z, [W, x2] = 1 and Z = Z(T). 
Proof. W 4 T, so x normalizes a subgroup R of order 2 in W. Clearly x 
centralizes R. Thus R < C,(x) = (x), and Z = R < W. 
Next B has type (2,2, 2), and by 4.2 B > W > Z > 1 is an x-invariant 
series. C,(x) = B n (x) = Z, so by 4.1 .A there is a basis {b, w, x} of B, such 
that bz = bw and w”” = wz. The last sentence of the lemma follows from these 
relations. 
LEMMA 4.4. If d and t are elements of any group then 
(a) dt = d[d, t]. 
(b) dtd-l = t[d, t], if d and dt commute, 
(c) td = t[d, t], if d and dt commute and t and d2 commute. 
Proof. (a) is a standard result. We now prove (h). t[d, t] = td-lt-ldt = 
td-ldt = tdtd-l = dtd-l, as desired. 
If t and d2 commute, then t[d, t] = dtd-l = d-ld2td-l = d-ltd2d-l = td. 
(c) is proved. 
COROLLARY 4.5. If d E B, and t E T, then dt = d[d, t] and td = t[d, t]. In 
particular 
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(a) xb = xw, (x2)” = x22 = xm2, (xs)” = x%2, 
(b) xw = xz, (x2)20 = x2, (x3)” = x3.2, 
(c) xd has order 8. 
Proof. B is a normal abelian subgroup of T, so d, dt E B and d commutes 
with dt. B is elementary abelian, so t commutes with d2 = 1. The first 
sentence now follows from 4.4. (a) and (b) are consequences, since b” = 
b[b, x] = bw, etc. 
Finally xdxd = xxd = x2[d, x]. [d, x] E W and [W, x2] = 1. Thus (xd)4 = 
x2[d, x] x2[d, x] = ti[d, xl2 = xl, and (c) follows. 
As in Theorem 2.2 we consider four cases. 
Case I. 1 T 1 = 25. 
Hence T = B(x). By 4.3(d) there exist elements b, w E B such that 
B = (b, w, x) and bx = bw, wx = wz. 
Case II. 1 T 1 = 26 and x is conjugate to each of its odd powers. 
Brauer-Fong list all groups of order 2* with a self-centralizing element of 
order 8, which is conjugate to each of its odd powers (see 3.5). In their 
notation (X, J) is a normal four-subgroup in each case. Suppose the group 
T of Case II is found in their list. Then the following will help to identify T. 
LEMMA 4.6. (a) W is the unique normal four-subgroup of T. 
(b) If b E T - Wand b is contained in a normal subgroup C of T of type 
(2,2,2), then ccl,(b) = bW. 
Proof. Suppose V is any normal four-subgroup of T. x centralizes a 
subgroup of order 2 in V, so 2 < V, and we may pick Y E V - 2. Let 
w E W - 2. v, w $ (x) = C=(x), so (vw>~ = vxwz = vzwz = VW. This 
means VW E (x), i.e., v = dw, for some d E (x). v2 = 1, so d E (x2) by 4.5(c). 
Thus d E 2, since [W, x2] = 1. We conclude that v E Zw < W. Thus V = W 
and (a) is proved. 
It follows that W < C and C = (b, W). W Q T and bW is the set of 
conjugates of b by powers of x by 4.3, so (b) holds. 
By this lemma we see that if T is one of the Brauer-Fong groups, then 
W = (X, J) and T has an involution b such that ccl,(b) = (b, bX, b J, bXJ}. 
We check the Brauer-Fong table of conjugacy classes [2, pp. 21, 221. The 
only possibilities for b are the elements in the T-conjugacy classes of EF and 
EF3, where u = 0 and 7 = 1. Indeed, we find that (EF, X, J) Q T in this 
case. 
We have the following generators and relations by 3.5: 
T = (4 x, Y>, 
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where B(x) is as in Case I, y2 = 1, y centralizes b and a, WV = wx, and 
xv = x-%P, where tt = 0 or 1. (Note that in the Brauer-Fong terminology 
b=EF,w=X,z=],x=F,y=NF,ifp=O(inwhichcasen=O), 
y = NWF, if p = 1 (in which case 71 = 1). 
Case III. / T 1 = 2s and x is not conjugete to each of its odd powers. 
We first prove that T contains a normal abelian subgroup of type (2,2,2,2) 
or type (4,2,2). B is contained in such a subgroup, if B < C,(B). Thus we 
may assume B = C,(B). In particular T/B N Aut B N D, . Thus, since the 
image of x in T/B has order 4, there exists y E T - B such that ys E B and 
xv = .$d, for some d E B. Note also that T = (B, x, y). 
Suppose d = wrzs, where T and s are 0 or 1. Then by 4.5(a) and 4.5(b), 
if g = ybrwr+s, then XQ = ($wr,p)b’W”+’ = ($)b’w’+‘w’z8 = &+‘,@wrp = 2. 
But (x3)” = x7 and xw = x5, so x is conjugate to all of its odd powers, a 
contradiction. Thus we may assume d E B - W. 
It follows that 
[x2, y] = x-~(x~), = zx2xyxY = zx2XSdXSd = z[x3, d] E z[x2, B] = 2 
by 4.3. Thus [x2, y] E W. Also [x2, B] = 2 < W, [x2, x] = 1 E W, and 
[B, T] C W, since B, W Q T and 1 B: W 1 = 2. Thus, since W d T, we have 
[B(x2), T] = [B(x2), (B, x, y)] C W. In particular, if WC C C B(x2), then 
C Q T. 
Let C = (x2d, W), d2 = 1 and [x2, d] = z, since d E B - W. Thus 
(x2d)2 = axp2 dx2d = z[x2, d] = 1; and since x2 and d both centralize W, 
C is abelian of type (2,2, 2). 
Clearly (B, x) = (C, x), and thus T = (B, x, y> = (C, x, y). Also 
[x, y] = x2d E C. Hence T/C is abelian. In particular T/C e Aut C, so 
C < C,(C) and C is contained in a larger abelian normal subgroup A of 
order 16 of T. C < A, so A has type (2,2,2,2) or (4,2,2), as we set out to 
prove. 
x2 does not centralize x2d E A, so x2 $ A. Thus A u {x) = 2 and 
IW 
I &)I = I A I , A n <x>l = 16 - 4 = I T I. 
It follows that A(x) = T. If we now forget our original B and set B = C, 
then A > B > W > Z > 1 is a T-invariant series. x induces an automor- 
phism of order 4 of A, which has centralizer 2 in A. Thus by 4.1.A there 
exist elements a E A - B, b E B - W, w E W - Z such that a2 = ab, 
b” = bw, w” = wz. Clearly B(x) is as in Case I. If A has type (4, 2, 2), then 
the set of squares in A form a characteristic subgroup of order 2. x normalizes 
this subgroup, so it must be Z. Since B is elementary, an element of A has 
order 4 iff it is in A - B. Thus a2 = a. We have therefore given a complete 
set of generators and relations for A(x). 
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Case IV. / T j > 26. 
Cle_arly B is not a maximal normal abelian subgroup of T, for then 
T/B _C Aut B and 1 T 1 = ) B 1 1 T: B / < 26. Thus B < A, where A is a 
normal abelian subgroup of type (2,2,2,2) or type (4,2, 2). We require the 
following. 
LEMMA 4.7. Suppose A is a normal abelian subgroup of T of order 24, 
which contains B. Then the following hold: 
(a) A(x) satisjes the generators and relations of one of the groups of 
Case III. 
(b) If d E A and t E T, then dt = d[d, t] and td = t[d, t]. 
(c) ]xdl =8 ifdEB, and Ixdl =4zfd~A-B. 
(d) If y E T and yx cyA, then y E A(x). In other words, (Ax) is a self- 
centralizing cyclic subgroup of order 4 in T/A. 
(e) A E SCN,( T). 
(f) Ax2 generates Z( T/A). 
Proof. A has either type (2, 2,2,2) or type (4,2, 2), so 4.1.A implies (a). 
4.4 implies (b). 4.5(c) implies (c), if d E B. Thus we assume d E A - B. 
Now if f = [d, x], then f E B - W. Also d2 E 2. Now xdxd = xd2d-lxd = 
xdZxf = d2x2f and (xd)4 = (xdxd)2 = x”(fx”f) = xZ(x2z) = 1, since 
f E B - W. This proves (c). 
We next prove (d). By hypothesis yz = yarbsw5zU, where Y, s, t, u E (0, I}. 
Define g = yusbtwu. Then g” = gar, by the relations given in Case III. If 
r = 1, thengx ==ga andgx* = gz, which contradicts the fact x4 = z E Z(T). 
Thus Y = 0, g” = g, g E (x}, and (d) holds by definition of g. 
Suppose (e) is false and A(y) is an abelian normal subgroup of T of order 
32. Then yz EVA, and so y E A(x) by (d). Thus A(y) _C A(x), but A is a 
maximal abelian normal subgroup of A(x), a contradiction. 
Finally / T/A I = I T j/16 > 4, by the assumption I T 1 > 26. Thus 
Ax $Z(T/A), and so (f) follows by (d). 
All of the conclusions of the above lemma apply to the subgroup A of 
Case IV. In particular, F = T/A has center (A$), F is faithfully represented 
on A, and A(x) has generators and relations given in Case III. Thus, with 
respect to the basis {a, b, w, z}, F is represented by a subgroup of the 
&-subgroup 
-I\ 
of GL(4,2), by 4.1.B. 
1 
1 * [ II O ll 
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We also have 
and the second center 
1100 
Ax = I 1 1 0 I 1 1’ 0 1 
Ax2 
LEMMA 4.8. We have the following picture of S: 
Order Subgroup 
26 S 
25 C = C(AX)~ 
24 iV = C n iV((Ax)) 
23 F 
22 <Ax) 
2 <A+ 
1 1 
where each proper subgroup of S is contained in the subgroup above it in the 
column. 
142 LARY SCHIEFELBUSCH 
(a) F = {Ax, j,), where jm is the involution 
andm =Oor 1. 
(b) The coset jn E T/A contains an element y, such that y2 = 1 and 
xy = x-?z”, where n = 0 or 1. 
Proof. 1 S 1 = 26 by the definition of S. Thus the picture of S will follow 
if we can show 
(c) 1 <@x2) <(Ax) <F<N<C<S. 
Ax2 $2(S), so C < S. Let h be the involution 
1000 
i I 0 l l O ES 10 * 1 
Then h E C, since h(Ax2)h = Ax2. But 
so h $ C I-I N((Ax)) = N. Hence N < C. 
Let i be the involution which generates Z(S). We recall that Ax2 generates 
Z(F). Thus F C C, and i$F. Thus if y E Z,(S) and [y, Ax] # 1 (i.e., 
[y, Ax] = i), then y # F. It follows that F n Z,(S) = ( Ax2), which has index 
4 in Z,(S). Since Z,(S) _C C, we now have / C: F / > / FZ,(S):F 1 = 
/ Z,(S): Z,(S) n F ( = 4. Hence 1 S: F 1 3 8, since S > C. However, 
lF[=/T/A)>4,so )S:FI=JFI=8. Thus(Ax)isamaximalsub- 
group, and so F normalizes (Ax) and F C N. We have already shown that 
i $ F, but i E N by definition of N. Thus F < N. Clearly 
1 < (Ax2) < (Ax) < F, 
and (c) is proved. 
We next prove (a). By matrix multiplication jm2 = 1 and jm(Ax)jm = 
AX3 = (Ax)-I. Thus j, normalizes (Ax) and j, centralizes Ax2. As con- 
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sequences, j, E N and J = (1, i, j0 , ji} is a four-subgroup of N. Hence 
N = (Ax)], since IN 1 = 24 and (Ax) n J = 1. Therefore 
F = <AxXF n J> = GW(j,A 
for m = 0 or 1, since i $ F. This proves (a). 
Before proving (b), we list some useful relations in T: 
(4 ax = ab bx = bw wx = wz > > 9 
x” = xb, xb = xw, xw = xz = x6. 
(4 ax2 = aw, bZ2 = bz, 
(x2), = x2w, (X2)b = x22 = x-2. 
( f 1 ax3 = abwz, bx3 = bwz, tis A wz, 
(x3)” = x%wz, (xy” = x3w2, (x3)” = x3x = x-l. 
k) au = abzm, by = b, WY = wz, 
ya = ybz”, yb = y, yg = yz, 
for any y E jm . 
Proof. 4.7(a) and 4.7(b) imply (d)-(f). Conjugation by y induces the 
matrix jm for any y in the coset j,,, . This fact along with 4.7(b) implies (g). 
Once (b) has been proved, we will have 
(h) xv = X-lz”, (x2)” = Gz, (g)” = x-~z~, 
yz =yx22n,y=2 =yz,yz3 =y$p+l. 
Proof. xv = x-12” by (b), and the next two equations follow. y” = 
yY4 = Y(Y(~4Yb = Y(x-3z”z)x = Y x2zn, and the last two equations 
Proof of (b). Let g be in the coset jm . Then gs E C,(g) = (b, z), say 
g2 = brz8, where r, s = 0 or 1. If 7 = 0, then g2 = zs. If r = 1, then (ga)2 = 
ga2a-lga = ga2gbz by (g). a2 E (z) = Z(T), so 
(ga)” = g2aZbzm = (bz”) a2bzm = 9, 
wheret =Oor l.gaEj,, so by setting g = ga, if necessary, we may assume 
g2 = zs, where s = 0 or 1. 
Ifs=0,theng2=l.IfS=l, then(gw)2=ggw=ggz=zz=1 by(g). 
So by setting g = gw, if necessary, we may assume g2 = 1. 
By (a) conjugation by j, inverts Ax, since (Ax) is normal but not central 
in F. Also (Ax)-l = Ax3, so x 9 = &f for some d E A. xv has order 8, so 
d E B by 4.7(c), i.e., d = brwszt, where r, s, t = 0 or 1. Now 
(x2)” = x3dX3d = x3(b’(w%%u”) b’) 
48 I/31/1-10 
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by (f). Since g2 = 1, we also have 
x2 = (x2)“” = (&pf+S+l)9 
= 
( 
x2wTz’x”+s+1)(w7z’) Z’+s+l 
= x2,$. 
Thus I = 0 and xg = x3d = x3wSxt. 
If s = 0, then xQ = x39 = x-?z++~, and(b) issatisfiedfor y =g. If s = 1, 
then xQb = (X~WZ~)~ = X-?zt, and gbgb = 1. In this case (b) is satisfied for 
y =gb. 
We have obtained the following for Case IV: T = (A, x, y), where A(x) 
satisfies the generators and relations of Case III by 4.7(a), (23, x, y) satisfies 
the generators and relations of Case II by 43(g) and 4.8(b), and a-~ = abza, 
where m = 0 or I by 4.8(g). (B, x, y) is a group with maximal normal 
subgroup B(x). Also y E j, . Thus conjugation byy induces an automorphism 
of both B(x) and A. Finally 
[x”, uy] = [x-QP, ubz”] 
= [x-l, ab], since z E Z(T) 
= x(x%)“” 
= x(x3bz), by 4.8(f) 
= b = by, by 4-W 
= [xx, 4y, by 4.8(d). 
Thus conjugation by y preserves the generators and relations for A<x), so 
the generators and relations in Case IV do determine groups. 
In Case IV there are at most eight distinct isomorphism classes for T, since 
m, 11 = 0 or 1 and a2 = 1 or z. We shall see, in fact, that there are exactly 
six isomorphism classes. 
LEMMA 4.9. In Case IV, T contains a normal abeliun subgroup R = 
(Y, s, u, z) of type (4, 2,2) OY type (2,2,2, 2), such that the following hold: 
(a) R # A, and R and A have the same type i# m = n. 
(b) x induces the same matrix on both R and A, and so does y, when we 
identify r with a, s with b, u with w. 
(c) If m and n are Jixed and m # n, then R and A have dzrerent types; 
and we obtain the same isomorphism class for Tfor each of the two cases u2 = 1 
and u2 = z. Thus there are at most six isomorphism classes for T. 
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Proof. Let Y = xyawn, s = x2bw, u = wz and S = (s, u, z). In the 
computations that follow, we apply 4.8(d)-4.8(h): 
r2 = xyawnxyawn = xya(xy)a 
= xya”(xy>” = xya2xyzm = xa2xQ? 
= xa2x-lZnp = a2xn+m = 1 or z, 
s2 = x2bwx2wb = x2(~2)~ = ~2x2~ = 1, 
242 = wxwx = 1 
rxab = (x(yz)(aw;w”)” = Xbyzawwn 
= (xw) ywzan = xywxawn = xyawn = r, 
rW = (xx)(yx) awn = r. 
(x2b)w = x2b. 
We conclude that S = (x2b, w, z) is abelian, [r, S] = 1, and so R is abelian of 
type (4,2,2) or (2,%2,2). 
R # A, since s E A. Also R and A have the same type iff 1 r 1 = 1 a 1 (since 
s, U, z, b, w are involutions); iff r2 = a2 (since r2, a2 E 2); iff m = n (since 
r2 = a2,zm+n). This proves (a). 
Clearly (R, x, y) = (A, x, y) = T, by the definition of r, s, u E R. Also 
r5 = (xyaw”)” = x( yx2xm)(ab)(wnz”) 
= xya(a-lx2a) bw” = xya(x2w) bwn 
= (xyawn)(x2bw) = YS, 
s” = (x2bw)” = x2(bw)(wx) = su, 
us = (wx)” = (wz)x = ux, 
rg = (xyaw*)Y = (x-?zn) y(abzm) w%@ 
= (xx%) y(alxP) wn 
= xyxz(abzm) wn 
= xyax2wbzmwn 
= (xyawn)(x2bw) z” = rszm, 
s” = (x2bw)” = (x”z) b(wz) = s, 
ZP = (wx)l = (wx)x = 24x. 
Thus R Q (R, x, y) = T, and (b) holds. 
Finally (c) is a corollary of (a) and (b). 
Proof of 2.1. We have seen that the group of Case I is contained in the 
groups of all the other three cases. The groups of Case II and Case III are 
146 LARY SCHIEFELBUSCH 
contained in certain groups in Case IV. All of the groups of Case IV have 
order 2’. 
Finally if A E SCN,( T) and A properly contains a subgroup, say B, of 
type (2,2,2), then 1 A ) = 24 by 4.7(c). Thus A has either type (2,2,2, 2) 
or type (4,2,2). 
Proof of 2.2. In the above discussion of the four cases, we have obtained 
the desired generators and relations. It remains to show that the six isomor- 
phism class possibilities, which we have not eliminated in Case IV, are indeed 
distinct. This follows from 2.3 and Table II, which appears later. We simply 
count the number of conjugacy classes of elements of the orders 2 and 4 in 
Table II and compare these numbers for the different cases. 
Proof of 2.3. The group of Case II(a) is isomorphic to a Ss-subgroup of 
Ml, by 3.5. 
Let T be the group of Case IV(b). Then& y&z are involutions of T, which 
generate a dihedral group D of order 8 and induce the matrices 
respectively on A, with respect to the basis {a, b, w, z). A n D = 1, so 
T = AD. Thus by 3.6 and 3.7, T is isomorphic to a &-subgroup of MS2 . 
Let T be the group of Case IV(e). T has dihedral subgroups (ab, xyb) and 
<a, x-lyb) of order 8, which intersect trivially and centralize each other. 
Conjugation by y interchanges these two subgroups. y2 = 1, so T is iso- 
morphic to 2, wreath 2s wreath Za . 
So is the Ss-subgroup, S = (( 1, 2), (1, 3)(2,4), (1, 5)(2, 6)(3, 7)(4, 8)), of 
the symmetric group S, . For t E S define g( t) = t, if t is an even permutation, 
andg(t) = t(9, IO), if t is an odd permutation. Then g is an isomorphism of 
S onto a Sa-subgroup T,, of A,, . Thus T N T,, , as desired. 
In the remainder of this section we prove 2.4. This will complete the proof 
of 2.3. 
The group of Case I has center Z, since x2 does not centralize B. Z, wreath 
Z, has a cyclic center of order 4. Now by 3.4 and 3.6 if either the group of 
Case I or the group of Case II(b) is a S,-subgroup of a finite group G, then 
G has a (normal) subgroup of index 2. We shall prove this same result for 
all the remaining cases. 
In Table I we sometimes place two entries, instead of one, in a single space. 
Where this occurs we understand that the first is for A of type (2,2,2,2) 
and the second if for A of type (4,2,2). 
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TABLE 1 
Conjugacy Classes for Case III 
Representative 
element t 
1 
.!z 
w 
b 
a 
az 
X2 
xab 
xra 
x 
x-1 
xa 
ax-’ 
cclT(t) 
1 
.z 
wz 
bW 
{a, ab, aw, abwz) 
{az, abz, awz, abw} 
x2w 
xabW 
xaaB 
xB 
x-‘B 
xaB 
ax-‘B 
- 
t2 
Order 
of t NT(<t>) 
1 
1 
1 
1 
l,Z 
l,Z 
z 
1 
wz, w 
X2 
X-a 
xBb, x2bz 
bx=z, bxL 
1 T 
2 T 
2 (A, x2> 
2 A 
2,4 A 
2,4 A 
4 0% x> 
2 <W, xa> 
4 <xea, x2b, z), (x*, a> 
8 <w, x> 
8 <WY x> 
4 +a, z> 
4 <x4 z> 
In Case IV we list the T-conjugacy classes for each of the following sub- 
cases: 
(a) m = 1, n = 0, a2 = 1, 
(b) m=n=l,as=l 3 
(c) m=n=1,a2=x , 
(d) m = 0, n = 1, a2 = 1, 
(e) m=n=0,a2=1, 
(f) m = n = 0, u2 = z. 
We make a convention for Table II. Whenever a space is left blank, we assume 
that its entry is the same as for the space directly above it. We also let r = 
xyuwn, s = x2bw, II = wz, S = <s, u, a), and R = (I, s, u, z), as in the proof 
of 4.9. 
The following is well known. 
LEMMA 4.10. Suppose G is a finite group, p is a prime divikor of 1 G (, 
P is a S,-subgroup of G, t E P and CJt) is not a SD-subgroup of C(t). 
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TABLE II 
Conjugacy Classes for Case IV 
Type or 
isomorphism 
t Subcase cclT(t) t2 Itl CT@) class of CT(t) 
1 
.z 
w 
b 
s 
Y 
X2 
xa 
YW 
ya 
X 
a 
az 
(4-W 1 1 
z 
wz 
bW 
SW 
rW> u yb<wxa) 
x2W z 
xa(B, x2) x2ba2 
yw<b, z) u ywx2<bw, z> z 
W-(b) 
(4 
(444 
(f) 
(d)-(e) 
(f) 
(4 
(b) 
(4 
(4 
(4 
(f) 
(4 
(e) 
(0 
MB, x2> 
x<B, x2> 
al3 
{a, ab, aw, abwz} 
{az, abz, awz, abw) 
rs 
{r, TX, rt, rstz} 
{rz, rs.2, rtz, rst} 
bzma2 
X2 
1 
.a 
1 
z 
1 
z 
1 
2 
4 
8 
2 
4 
2 
4 
2 
4 
2 
4 
2 
4 
2 
4 
T 
<A, x2, YX> 
<A, Y> 
<R, Y> 
:Y> x <b, s> 
<x, w, by> 
<xa, z> 
<YW, s, b) 
<ya, z> 
<x> 
A 
C-4 r> 
R 
CR, a> 
Not Abelian 
e-z, x D, 
Not Abelian 
(4,2) 
“Z4aD, 
(4,2) 
(f-9 
(2,2,2,2) 
(4,2> 2) 
Not Abelian 
(4,2* 2) 
c&z 2,2> 
(4,2, 2) 
Not Abelian 
Table continued 
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Type or 
isomorphism 
t Subcase cczrw P ItI c,(t) class of C,(t) 
XY (4 
(b) 
(4 
(4 
(4 
(0 
4 W-(4 
W-(f) 
xybz 
wab (4 
04 
(4 
(4 
(4 
w 
x2a (4 
@I 
(4 
(4 
(4 
(0 
XY<W, x2> 1 2 
x 4 
1 2 
xyb<w, x2> WZl+” 4 
{xyb, xybwz, x-?z*yb, 
x-‘z*wzyb} 
{xybz, xybw, x-‘z”ybz, 
x-‘z”wyb} 
xyabS W 
WZ 
W 
W.2 
xaaB 
W 
WZ 
W 
<XY, 2, x2&> 
<w, w, a> 
<xrb, x2> 
<.vb, x2, a> 
<xyab, xsy, z> (4, 2,2) 
(414) 
(xyab, a, z> (492, 2) 
Wa, XY, z> 
<x% xyb, z> 
(4,2,2) 
(4,4) 
(4,2,2) 
c&z 2,2) 
(4,2,2) 
(434) 
Not Abelian 
(43 4) 
(4, 2, 2) 
(4,4) 
(4, 292) 
(4,4) 
(a) Then there exists u E P such that t N u and C,(u) is a S,-subgroup 
of w* 
(b) For any such u there existsg E G such that tg = u and Cp(t)” < C,(u). 
Proof. Both (a) and (b) follows by Sylow’s theorems. 
COROLLARY 4.11. If T is a group in Case III OY IV, T is u S,-subgroup of 
a ftnite group G, and t is a power of x, then CT(t) is a S,-subgroup of C(t). 
Similarly NT((t)) is a S,-subgroup of N((t)). 
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Proof. By Tables I and II, 1 CT(t) j > 1 C,(U)/ for all u E T such that 
1 t j = / u I. Thus CT(t) is a &-subgroup of C(t) by 4.10(a). A similar 
argument shows that N,((t)) is a &-subgroup of N((t)). 
LEMMA 4.12. If the group T in Case IV(a) is a S,-subgroup of a jkite 
group G, then x2a $ G’. 
Proof. Let Q = (@5(T), xya) = (B, x2, xya), and let V be the transfer 
of G into T/Q. We shall apply 3.1, with x2a in place of x. 
Define & = cc&(x2a) u ccE,(xya) U ccl,(xyab). By Table II if t E T, 
/ t 1 = 4 and CT(t) contains a subgroup of type (4,2,2), then t E -01, and CT(t) 
has type (4,2,2) itself for all t E &. Thus C,(x2a) is a S,-subgroup of C(x2a) 
by 4.10; and by 3.1(c) F0 C &. But since x2u E P - Q and xyu, xyab E Q by 
Table II, it follows that Fa = ccZr(x2a). 
Suppose j E F1 . Then j is conjugate to the involution (x2a)” = wz. And by 
the definition of F1 in 3.1, if S is a S,-subgroup of C(wz), then 2 1 C,( j)l = 
1 S / > 1 C,(wz)i = 64. Hence I C,(j)/ > 32, and so j E Q by Table II, a 
contradiction. Thus F1 is empty. Clearly Fi is empty for i > 1 by definition, 
since x2a has order 4. 
We conclude by 3.1(b) that V(x2a) = Qx2u, and so x2u $ G’. 
LEMMA 4.13. If the group T in Case IV(c) is a S2-subgroup of a finite 
group G, then a $ G’. 
Proof. Let Q = (Q(T), xyaw). We apply 3.1 with a in place of x. By the 
arguments of the above proof, we find that A = C,(a) (an abelian group of 
type (4,2,2)) is a S,-subgroup of C(a), that .Fa = ccl,(a), and that Fi is 
empty for all i > 0. Hence V(a) = Qa, and so a $ G’. 
LEMMA 4.14. If thegroup T of Case IV(d) or Case IV(f) is a S,-subgroup 
of a jinite group, then r = xyaw” + G’. 
Proof. We prove serveral facts. 
(a) If h = T, xyb or xybz, then C,(h) is a S,-subgroup of C(h). 
Proof. By Table II 1 h / = 4, ( C,(h)/ = 32, and there is no elementf E T, 
such that 1 f ) = 4 and / C,(f)/ > 32. Thus 4.10 implies (a). 
Suppose Q = (@p(T), a). We apply 3.1 with Y in place of x. 
(b) TEY~. 
(c) Ft is empty for i > 0. 
Proof. Part (b) follows by (a) and 3.1(c), since T E T - Q. By Table II 
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~2 = Z, and so Cr(rs) = C,(z) = T is a S,-subgroup of C(rs). Suppose j E Yr . 
Then by 3.1 j is an involution in T - Q and 2 1 C,( j)i = 1 T 1 = 27. Thus 
1 Cr( j)l = 26, but this implies that j E WC Q by Table II, a contradiction. 
Therefore Yi is empty. 
If i > 1, then Yi is empty by definition, since.7 has order 4. 
(d) If h = I, X@ or qbz, then h + x2. 
Proof. C(x2) contains the element x of order 8, but C(h) contains no 
elements of order 8 by (a) and by Table II. Thus h +J 9. 
(e) w + Z, Y + xyb and Y + xybx. 
Proof. By Table II w N WZ. Therefore if w + z, then wz + Z. In this 
case (xybz)2 = wsr+’ + z = r2, and (xyb)2 = wzifn + 9; and this implies 
xyb + Y and xybz + r, as desired. 
Therefore, we assume w N z and derive a contradiction. Let N = 
N,((xyb)). By Table II (xyb)” = Xybw.zlfn = (xyb)-l, for some k E T. 
Clearly k E N. 
N centralizes the involution (xyb)2 = wsl+“, and there exists g E G such 
that (wsl+n)g = z by assumption. Thus Ng C C(Z); and by Sylows’ theorem, 
there exists h E C(Z) such that Ngh is in the S,-subgroup T of C(Z). Now 
f = (xyb)gh is an element of order 4 in T, f NT f -I (since kg* E T), 1 C,(f )I 3 
/ C,(xyb)I = 32, and f 2 = ((xyb)z)gh = (wsr+nph = 9 = x. By Table II 
these last four conditions imply that f N x2, but this contradicts (d). 
(f) r +r-1 = YZ. 
Proof. Suppose Y N r-l, and let S be a S,-subgroup of N((r)). By 
Sylow’s theorem G has an element h such that Sh C T. Then the element 
t = yh is conjugate in T to t-l. Also 1 Cr.(t)/ = 1 C(Y)/~ = I C,(r)1 = 32 by (a). 
By Table II every element t E T, which satisfies these two conditions, is 
conjugate in T to x2, xyb, or xybz. That is, Y is conjugate to x2, xyb, or xybz; 
but this contradicts either (d) or (e). Therefore Y + r-l. 
Proof. We apply 3.1(c). a, az E Q by the definition of Q, r + xyb, xybz, 
r-l by (e) and (f). Thus a, ax, xyb, xybz, r-l $ TO ; and (g) follows by (b) 
and Table II. 
Finally we have V(Y) = Qr by (c), (g), and 3.1(b). Thus Y $ G’, as desired. 
LEMMA 4.15. If either of the groups T in Case III is a S,-subgroup of a 
finite group G, then x 4 G’. 
Proof. Let Q = (@p(T), a, x2> = (A, x2). We apply 3.3. The T-conjugacy 
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classes of x, x-l, xa, and ax+ are the only ones in T - Q by Table I. x E 5s 
by 4.11 and 3.3(c). If x N x-l, then T has an element of order 8, which is 
conjugate in T to its inverse. This is not the case by Table I. Thus x-r # 7s . 
Finally xa and ax-l each have order 4, as does x2. But xu and ax-l are not 
in 9-r by 3.3(ii), since 
2 I W(xu))l = 2 I %((ax-l>)l < I W(x2))I = I Tl I. 
Thus uz, q = c&(x) and V(x) = Qx by 3.1(b), and so x $ G’. 
This completes the proofs of 2.3 and 2.4. 
5. THE Z*-THEOREM 
In this section, assume that G is a finite group, T is a S,-subgroup of G, 
x E T and Z*(G) = Z(G mod O,(G)). 
5.1 (Glauberman [5, p. 4121). If x q! Z*(G), then there exist g E G and 
UC T, such that 
(a) g E N = WJ) n W,(U)), 
(b) x # xg, 
(c) U = (xg j g E N) and U is abelian. 
COROLLARY 5.2. If x # Z*(G) and C,(x) is a &.-subgroup of C(x), then 
either all choices of U, which satisfy 5.1, are in Z(T) OY there exist g E G and 
U C T such that 
(4 g E NC u> n wx UN, 
(b) x # xg, g2 centralizes x and xg, g is a 2-element, 
(4 u = (x, xg>, 
(d) C,(U) is a S,-subgroup of C(U), 
(4 G-(u) -=c T. 
Proof. Suppose U $2(T) f or some choice of U which satisfies 5.1. Then 
C,(U) < T. So there exists y E T such that y normalizes C,(U), y does not 
centralize U, andy2 does. Then by 5.1(c) there exists h E N such that xhu # xh. 
Clearly xAga = A x , since xA E U, so if k = hyh-l, then k satisfies (b), where we 
write k in place ofg. Note that if k satisfies (b) then so does kc for any c E C(x). 
Let P be a Sa-subgroup of C((x, x”)). Then, since C,(x) is a S,-subgroup 
of C(x), there exists c E C(x) such that PC C C,(x). Redefine U = (x, xk)c = 
(x, xkc). Then PC is a S,-subgroup of C(U) and PC = C,(U). This proves (d). 
RC satisfies (b), so kc normalizes U. In particular kc normalizes C(U); and 
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Kc normalizes a &-subgroup of C(U), since kc is a 2-element. Hence a 
conjugate g of Kc by an element of C(U) c C(X) normalizes PC = C,(U). 
g satisfies (b), since g is a conjugate of K by an element of C(X). In particular 
g E N(U) and (a) holds. Clearly U = (x, x”). (e) follows, since (g, C,(U)) is 
a 2-group. 
PROPOSITION 5.3. If the group T of Case IV(f) is a &-subgroup of a finite 
group G, then x E Z*(G). 
Proof. Suppose z $2*(G). Th en we let z take the place of x in 5.1 and 
5.2. Z(T) has order 2, so there is a U as in 5.1 such that U g Z(T). Also 
C,(Z) = T is a &subgroup of C(Z). Thus there exist g and U as in 5.2. Let 
xg = u. Then U = (z, u) and C,(U) = C,(u). 
If u is conjugate in T to either y or xy, then by Table II C,(U) contains 2 
as a characteristic subgroup. g normalizes C,(U), so zg = Z, a contradiction. 
ThusuEBuS. 
Suppose u E B. z + w by 4.14(e), so u + w. Thus u wT b by Table II. 
By Table II A contains all of the elements in C,(b) which centralize a subgroup 
of order 16 in C,(b). Thus A is characteristic in both C,(b) and C,(u). Now 
since B is characteristic in A and g normalizes C,(u), we have Bg = B. Thus 
wgEB. w+b, since w+z and b-u-z. Hence wgEW. But now 
wxg = (wz)g = wgu N b, since w% E B - W, a contradiction. 
We obtain a similar contradiction if u E S. We conclude that z E Z*(G). 
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